In Colombia, malaria is a public health problem that affects a large part of its population. Above motivated us to formulate an optimal control problem considering the following control variables: bed nets (BN), intermittent prophylactic treatment in pregnancy (IPTp) and prompt and effective case management (PECM). The results reveal the importance of congenital transmission and death due to disease in the infection outcome. It is imperative that strategies be defined to reduce these risk factors.
Introduction
Malaria is an infectious disease caused by the parasite of the genus Plasmodium. This infection is usually acquired through the female mosquito bite of the genus Anopheles, although there are other ways of contagion such as blood transfusion or vertical transmission [11] . Tumaco is located on the pacific coast of Colombia, its whether conditions make of this zone a perfect place for malaria transmission [10] . Usually, it is treated with antimalarial drugs, but is important include control strategies with incidence in reduction of the vector population. These strategies consist of fumigations, removal of breeding grounds, use of mosquito nets and use of repellent substances to avoid contact between mosquito and human [16] .
There are different factors (biological, physical, environmental, social and economic, among others) that affect the transmission of malaria. The force of infection is another determining factor in the transmission of this disease. Using the mosquito force of infection given in [8] we define
which measures the impact of disease transmission rate when an infected human is introduced into the mosquito population. The qualitative analysis of the mathematical model was made in [9] , we formulate an optimal control problem for malaria disease transmission considering control variables associated to bed nets, prompt and effective case management and intermittent prophylactic treatment in pregnancy. The results reveal the importance of congenital transmission, force of infection and death due to disease in the infection outcome.
The optimal control problem formulation
Following [9] , we denote by S H (t), E H (t), I H (t) and R H (t) the populations at time t of susceptible, exposed, infected and recovered humans. On the other hand, S V (t) and I V (t) represent the susceptible and infected mosquito populations at time t. The total human population is given by N H = S H + E H + I H + R H and for mosquitoes its total population is N V = S V + I V . The force of infection for humans is given by β H =
, where β h = β HV φ, being β HV the probability of human infection due to the bite of an infected mosquito and φ the per capita mosquito bite rate, and the force of infection for mosquito is defined in the equation (1) .
With the following control variables u 1 (control variable associated to bed nets (BN)), u 2 (control variable associated to prompt and effective case management (PECM)) and u 3 (control variable associated to intermittent prophy-lactic treatment in pregnancy (IPTp)) we incorporate in the model defined in [9] next hypothesis: susceptible humans become exposed by contact with infected mosquitoes at a rate (1 − u 1 )β H S H , where u 1 ∈ [0, 1] (u 1 = 0 represents the no efficacy of the bed net while u 1 = 1 means that the use of bed net is completely effective). On the other hand, we assume that infected individuals recover at a rate δ + ξ 2 u 2 , where δ is the spontaneous recovery rate, and ξ 2 ∈ [0, 1] is the treatment efficacy. Finally, the birth rate of infected humans is given by ( 
, where λ is the vertical transmission rate. The control variable u 3 ∈ [0, 1] (u 3 = 0 represents zero treatment efficacy during pregnancy, while u 3 = 1 means that treatment is completely effective). From above suppositions we obtain the following state equations:
The following performance index or cost function is given by
where, c 1 and c 2 represent social costs which depend on the number of malaria infections and the number of mosquito bites; d 1 , d 2 y d 3 are relative weights associated with the controls and boundary conditions are
For the control problem we assume that the initial time is zero, t 0 = 0, the final time t 1 = T is a fixed implementation time of the control strategies, the final state x 1 is variable and the initial state x 0 is an endemic equilibrium.
It is important to note that the control functions u i (t) belong to the following set 
Existence of an optimal solution
Following the same idea presented in the Theorem 2.1 from reference [19] (see page 63) we prove the existence of optimal controls. Let
It is said that the pair (x 0 , v) is feasible if there exists a solution of the control system (2) in the interval [0, T ] with initial condition x(0) = x 0 and final condition x(t). To prove the existence of the (x * , u * ) we must verify the following literals:
1. f defined in (6) is of class C 1 on its three components and there is a constant C such that
2. The set F of feasible pairs is non empty.
3. The set of controls U is convex.
The integrand of the performance index
In order to verify the above conditions, we state and prove the following results:
Proposition 2.1.
where
Proof. Direct calculations show that f v (t, x, v) is given by (8) . On the other hand, from the definition of Euclidean norm of a matrix is followed
Proposition 2.2.
where f (t, 0, 0) is the vector defined in (6) evaluated in x = 0 and v = 0.
Proof. The result is obtained by performing a procedure similar to Proposition 2.1 and 2.2.
Proposition 2.5.
where f is the vector defined in (6).
Proof. The result is obtained directly by taking
Proposition 2.6. The integrand of the performance index defined in (3) is a convex function (concave upward) on the variable v = (u 1 , u 2 , u 3 ).
Proof. Since the integrand of the performance index f 0 is such that
it is enough to verify that the function
is convex on the variable v. Note that h(t, v) is a finite linear combination with positive coefficients of the functions p i (u) = 1/2u 2 i , therefore, it is sufficient to verify that the function p(u) defined by p(u) = 1 2 u 2 is concave upward, which is clear due to
Proof. From Propositions 2.1 to 2.7 and Remark 2.8 we verify the conditions 1 to 6 of Theorem 2.1 ( [19] , page 63). Therefore, we have the following result which guarantees the existence of optimal controls for the control problem defined by equations (2), (3) and (4). Theorem 2.9. Consider the control problem with state equations (2) . There
where J(x 0 , v) is the performance index defined in (3).
Deduction of an optimal solution and adjunct equations
In this section we deduce the necessary conditions for the existence of optimal controls by means of the Principle of Pontryagin required to implement the numerical forward-backward sweep method [17] . Letẋ = f (x, u) the state equations with boundary conditions x(t 0 ) = x 0 and x(t 1 ) = x 1 , the index of performance J(x 0 , u) and u 1 (t), u 2 (t) and u 3 (t) be continuous piecewise functions in [0, 1]. Let P = (P 1 , P 2 , P 3 , P 4 , P 5 , P 6 ) be an extended vector and L be an additional state variable which satisfies
with boundary conditions
From the above, the Hamiltonian is defined as follows
or equivalently
LetṖ be an extended co-condition vector of dimension n + 1 which defines the following system of adjunct equationṡ
Since H no depend of L then the system is rewritten as followṡ
or equivalentlẏ P 0 = 0
The transversality conditions of are given by
Finally, from the optimality condition
= 0 for i = 1, 2, 3 we obtain the following optimal controls u * 1 = min{max{0,
Numerical solutions for the control problem
In this section we analyze the effects of the control strategies u 1 , u 2 y u 3 , which are applied on the system (2) using data of Tumaco (Colombia) which are given on Table 1 . Numerical simulations are performed using the forwardbackward sweep method [17] , and the implementation time of control strategies is T = 120 days, which is approximately 4 months. The values of the relative weights associated with the controls, the social costs and the effectiveness of antimalarial treatment, are given on ) it is observed that the exposed human populations E H and infected humans I H decrease rapidly during the first 20 days of strategy implementation, while both populations grow and stabilize in endemic equilibrium without the use of controls. The Figure 1 (c) shows the behavior of the three controls: u 1 and u 2 remain at their upper level of 100 % during the total implementation period of the strategy, while control u 3 reaches and remains at the upper bound of 100% during the first 10 days of strategy implementation, then decreases to its lowest level of 0% after 110 days. The maximum cost achieved by the implementation of the control strategy is 15.4 units of cost.
Discussion
In Colombia, malaria incidence has declined by more than 40% and mortality by more than 60% in the last 15 years [18] . However, in some regions of the Colombian Pacific, such as Tumaco, there are specific conditions that must be contested to achieve the eradication of malaria [18, 10] In Tumaco, cases of death due to malaria have been substantially reduced. However, cases of congenital malaria have arisen and in addition the incidence of malaria has been concentrated mainly in specific sectors or communes of the municipality. This suggests that the dynamics of transmission is changing, which generates a new public health alert [5] . For this reason in this work, we define some control variables, and we formulate an optimal control problem defined by (3), (2) and (4) . The qualitative analysis of (2) can be made following a process similar as in [2, 3, 6, 7, 8] ,
In order to solve the control problem numerically, we demonstrate the existence of optimal solutions and optimal controls, also through Pontryagin Principle we calculated the controls and the adjunct equations required to implement the numerical method.
We performed numerical simulations of the control problem with certain Figure 1 : Numerical solutions of the control problem for the exposed and infected humans using the controls u 1 (t),u 2 (t) y u 3 (t) with the values of parameters given on Tables 1 and 2. values for social costs, in all scenarios the transmission of malaria was controlled in a prudent time, which agrees with the theory of Sir Ross MacDonald [15] . The results suggest that in addition to the force of infection, it is important to focus on the vertical transmission rate λ and the rate of spontaneous recovery δ.
